An (edge-)weighted graph is a graph in which each edge e is assigned a nonnegative real number w(e), called the weight of e. The weight of a cycle is the sum of the weights of its edges, and an optimal cycle is one of maximum weight. The weighted degree w(v) of a vertex v is the sum of the weights of the edges incident with v. The following weighted analogue (and generalization) of a well-known result by Dirac for unweighted graphs is due to Bondy and Fan. Let G be a 2-connected weighted graph such that w(v) ≥ r for every vertex v of G. Then either G contains a cycle of weight at least 2r or every optimal cycle of G is a Hamilton cycle. We prove the following weighted analogue of a generalization of Dirac's result that was first proved by Pósa. Let G be a 2-connected weighted graph such that w(u) + w(v) ≥ s for every pair of nonadjacent vertices u and v. Then G contains either a cycle of weight at least s or a Hamilton cycle. Examples show that the second conclusion cannot be replaced by the stronger second conclusion from the result of Bondy and Fan. However, we characterize a natural class of edge-weightings for which these two conclusions are equivalent, and show that such edge-weightings can be recognized in time linear in the number of edges.
Introduction
We use [6] for terminology and notation not defined here and consider finite simple graphs only.
By an edge-weighting of a graph G = (V, E) we shall mean a function w : E → IR such that w(e), the weight of e, is nonnegative for all e ∈ E. A graph provided with an edge-weighting is called an edge-weighted graph or simply a weighted graph. The weight of a subgraph H of G is defined by
w(H) = e∈E(H) w(e).
An optimal cycle of G is a cycle of maximum weight. The weighted degree w(v) of a vertex v of G is the sum of the weights of the edges incident with v.
A well-known result due to Dirac [7] is the following.
Theorem 1 [7] . Let G be a 2-connected graph such that d(v) ≥ r for every vertex v of G. Then G contains either a cycle of length at least 2r or a Hamilton cycle.
The following generalization of Theorem 1 is contained implicitly in Pósa [8] . Question A [3] . Let G be a 2-connected weighted graph such that w(u) + w(v) ≥ s for every pair of nonadjacent vertices u and v. Is it true that either G contains a cycle of weight at least s or every optimal cycle is a Hamilton cycle ?
It is perhaps surprising that the answer to Question A is negative; a counterexample was first provided by Yan Lirong [10] . For complete graphs, Question A amounts to the following. Question A . Is every optimal cycle in a weighted complete graph a Hamilton cycle ?
Even this is not true. For n ≥ 4, let K n (s) denote the weighted complete graph of order n obtained by assigning weight 1 to the edges incident with one fixed vertex and weight s to all other edges. Only if s < 2 is every optimal cycle a Hamilton cycle. For s = 2 there exists an optimal cycle which is not a Hamilton cycle, while for s > 2 no optimal cycle is a Hamilton cycle. Note that in Theorem 3, applied with r = n − 1 to K n (s), the first conclusion holds for s ≥ 2 while the alternative conclusion holds for s < 2.
Despite this negative answer to Question A (and a fortiori to Question A), Theorem 2 does indeed admit a generalization to weighted graphs, as follows. This will be proved in Section 2. Theorem 4 does not generalize Theorem 3, since the second conclusion in Theorem 3 is stronger than the corresponding one in Theorem 4. However, there is a natural class of edge-weightings for which the second conclusions in Theorems 3 and 4 are equivalent, namely the positive-induced edge-weightings defined next.
Let w be an edge-weighting of a graph G = (V, E) and assume there exists a function w : V → IR (a vertex-weighting of G) such that, for every edge uv of G,
Then we say that the edge-weighting w is induced (by the vertex-weighting w ). If w can be chosen in such a way that w (v) > 0 for all v ∈ V , then we call w positive-induced. For every cycle C of G we have
Hence if w is positive-induced, the statements "every optimal cycle of G is a Hamilton cycle" and "G contains a Hamilton cycle" are indeed equivalent. In a similar vein we can define an edge-weighting w to be nonnegativeinduced if w is induced by a vertex-weighting w such that w (v) ≥ 0 for all v ∈ V . It follows easily that if w is nonnegative-induced, then the statements "G contains a Hamilton cycle" and "there exists an optimal cycle that is a Hamilton cycle" are equivalent, but neither of these statements implies that "every optimal cycle of G is a Hamilton cycle".
Note that the edge-weighting of K n (s) is induced for all s, positiveinduced for s < 2, and nonnegative-induced for s ≤ 2. Induced, positiveinduced and nonnegative-induced edge-weightings are characterized in Section 3.
It is natural to seek weighted generalizations of other extremal theorems, not only for graphs but also for directed graphs. Indeed, the simple observation that a strict directed graph of minimum outdegree d contains a directed path of length d was generalized to weighted directed graphs by Bollobás and Scott [1] . However, no weighted generalization is known of the equally trivial fact that such a directed graph contains a directed cycle of length at least d + 1. Moreover, examples due to Spencer [9] and, independently, Bollobás and Scott [1] show that quite restrictive edge-weightings will be needed for this. It may be that a directed version of the induced edgeweightings defined here will permit such a generalization.
Proof of Theorem 4
The proof of the following lemma is implicit in the proof of [4, Lemma 2.1].
Lemma 5. Let G be a 2-connected weighted graph and P
Assume each of the following conditions is satisfied.
Then there is a cycle
P roof of T heorem 4. Let G be a 2-connected weighted graph such that w(u) + w(v) ≥ s for every pair u, v of nonadjacent vertices. Suppose G does not contain a Hamilton cycle. We need to prove that G contains a cycle of weight at least s.
(i) P is as long as possible (i.e., p is maximum);
(ii) w(P ) is as large as possible, subject to (i).
Claim. There exists no cycle in G containing all vertices of P . If v i ∈ S, then the path
has the same length as P . So because of (ii), we must have w(P ) ≥ w(P ), hence 
Induced Edge-Weightings
The following theorem gives a characterization of induced edge-weightings. 
